Preprint CNLP-1997-05 



SOLITON EQUATIONS IN 2+1 DIMENSIONS: REDUCTIONS, 
q{ ; BILINEARIZATIONS AND SIMPLEST SOLUTIONS]] 

D 

^. 

OO . N.K.Bliev, G.N.Nugmanova, R.N.Syzdykova and R.Myrzakulov 



> 

^^ I Centre for Nonlinear Problems, PO Box 30, 480035, Alma-Ata-35, Kazakhstan 

o. 

p^ , Abstract 

Qs i In the preceding paper [13], we presented, in particular, the some 

Q^ I (2+l)-dimensional integrable reductions of the M-IX equation, moreover, 

their gauge equivalent counterparts. In this paper, we first construct the 
some new (1+1)-, and/or (2+0)-dimensional reductions - the a- model 
equations with potentials. We next establish the gauge equivalence be- 
tween the (l-l-l)-dimensional integrable classical compressible Heisenberg 
Q . ferromagnet models and the Yajima-Oikawa and Ma equations. The bi- 

^ ' linear forms of the M-IX and Zakharov equations and their simplest one 

soliton solutions are found. Also it is shown that the Zakharov and Fokas 
Ky{ equations are formally equivalent to each other. 



^Preprint CNLP-1997-05. Alma-Ata. 1997 
E-mail: cnlpmyra@satsun.sci.kz 



Contents 



1 Introduction 



2 Some basic facts on the M-IX equation 2 

^■1 The Lax representation 3 



.2 Gauge equivalent counterpart 3 



■ 3 The (2+l)-dimcnsional reductions] 4 



2.3.1 Tlie Myrzakulov VIII equation 4 



2.3.2 The Ishimori equation 4 



3 cr-models with potentials 



4 Reductions in 1+1 dimensions: the gauge equivalence of the 



Myrzakulov XXXIV equation and the YOE 



5 Bilinearization of the M-IX equation 



5.1 Particular cases 



.1.1 The M-VIII equation 



|5.1.2 The Ishimori equation 8 

15.1.3 The M-XXXIV equation! 9 



5.2 Simplest soliton solution 9 



6 Bilinearization of the Zakharov equation and its 1-SS 



10 



3.1 Limiting cases 11 

B.1.1 The M-VIIIq equation (10)1 11 

|6.1.2 The Davey-Stewartson equation 11 

16.1.3 The YOEI 11 



3.2 Simplest soliton solution of the ZE (5) 11 



7 Integrability: a connection between the ZE and the FE 



8 Conclusion 



9 Acknowledgments! 



12 
14 
15 



1 Introduction 

Considerable effort has been given recently to investigate (2+1) - dimen- 
sional soliton equations (see, for example, [1-5]). The study of these equations 
has thrown up new ideas in soliton theory and in other related branches of 
mathematics and physics. Integrable spin systems are an important both from 
the mathematical and physical points of view, subclass of soliton equations 
[6-15]. In this paper we consider the Myrzakulov IX (M-IX) equation [10] 



St = S A MiS - iAaS^ - iAiSy 
M2U = 2a2S(S^ A Sy) 



(la) 
(16) 



where a, 6, a= consts, S = (^i, 5*2, 5*3), S^ = £? = ±1 and 

Ml = a^-^ + 4q(6 - a)—— + A{a^ - 2ab - b)—^, 

52 q2 q2 

M2 = a^ - 2a(2a + 1)^^^^ + 4a(a + 1)7^^, 

^1 = i{a(26 + l)uy - 2{2ab + a + b)ux}, 

A2 = i{Aa'^{2a^b + a^ + 2ab + 6)u^ - 2(2a6 + a + 6)%}. 

Equation (1) is integrable in the sense that it admits the Lax representation 
(LR) [10] and has different types solutions [23]. In general we will distinguish the 
two integrable cases: the M-IXA equation as a^ = 1 and the M-IXB equation as 
a^ = —1. Besides, equation (1) contains several interesting particular cases: (i) 
a = b = —1, yields the M-VIII equation; (ii) a = b = —^^ yields the celebrated 
Ishimori equation and so on. Equation (1) is the (2+l)-diniensional integrable 
generalisation of the Landau-Lifshitz equation (LLE) 

Si = S A S,, (2) 

and in 1+1 dimensions reduces to it. 

This paper is a sequel to the preceding paper [13]. In [13], we have presented 
some results on equation (1), in particular, the some (2+l)-dimensional reduc- 
tions. The main goal of the present paper is to continue the studies started in 
[13] and the key questions which we would like to address here are the follow- 
ing ones. First of all we want to find the other reductions in 1+1 and/or 2+0 
dimensions. Secondly, we will present the bilinear form of equation (1) that 
allows us to construct the different exact solutions of (1) and we demonstrate 
its work, presenting the simplest 1-soliton solution (1-SS). 

The outline of this paper is as follows. After recalling in section 2, some 
basic facts related to the M-IX equation, in section 3 we will present some 
(2+0)-dimensional reductions of equation(l) - the some a -models with poten- 
tials and their equivalent counterparts. In section 4 we show how derive the 
M-XXXIV equation from equation (1), which describe nonlinear dynamics of 
compressible magnets. Also we establish the gauge equivalence between the 
M-XXXIV equation and the Yajima-Oikawa equation (YOE). In sections 5 and 
6, we present the bilinear forms of equation (1) and its gauge equivalent coun- 
terpart - the Zakharov equation (ZE), and use it to construct their simplest 
1-SS. A connection between the ZE and the Fokas equation (FE) is disscused 
in section 7. The last section is devoted to the concluding remarks. 

2 Some basic facts on the M-IX equation 

In this section we briefly recall the some basic facts related to the M-IX 
equation (1). 



2.1 The Lax representation 

As integrable, equation (1) has the following LR [10] 

a^y = [S+{2a+l)I]^^ (3a) 

$i = 2i[S+ (26 + 1)/]$,, + W^^ (36) 

with 

1 In 

W = 2i{{2b + l){F++F'S) + {F+S + F~) + {2b-a + -)SS^ + -S^ + -SSy}, 

S = (^\ 1^ ) ' '^^ = ^1 ± iS2 S^ = EI, E = ±1, r^ = ±1, 

F^ = A±D, A = i[uy Ux], D = i[ Ux - Uy]. 

a a 

The compatibility condition of these linear equations gives 



iSt + -[S, MiS] + A2Sx + AiSy = (4a) 



1 
2 

M2U = ^tr{S[Sx,Sy]) (46) 

which is the matrix form of equation (1) within to change t to —t. 

2.2 Gauge equivalent counterpart 

It is well known that the gauge equivalent counterpart of equation (1) is the 
following ZE [5] 

iqt + Miq + vq = (5a) 

ipt — Mip — vp = (56) 

M2V = -2Mi{pq). (5c) 

This equation contains many interesting particular cases such as the Davey- 
Stewartson (DS) equation, the YOE and so on. In 1+1 dimensions equation 
(5) reduces to the nonlinear Schrodinger equation (NLSE) 

iqt + qxx + 2E\q\^ q = Q. (6) 

The LR of the ZE (5) is given by [5] 

a^y = 2Bi^x + BQ^ (7a) 

^>t = ^iC2^xx + 2Ci^x + CQ^ (76) 

with 

_(a+l 0\ „ _/0 g 

V b J \ip J V C21 C22 



ci2 = i[2(26 - a + l)g^ + iaqy], C21 = i[2(a - 2b)p^ - iapy]. 
Here Cjj is the solution of the following equations 

2(a + l)ciix - aciiy = i[2{2b - a + l){pq)x + a(M)y] (8a) 

2ac22x - ac22y = i[2{a - 2b){pq)x - a{pq)y]. (86) 

Note that the ZE (5) admits the Painleve property and is integrable in this 
P-sense [15]. Also it has the different types solutions (solitons, dromions and 

so on) [15, 27] 

2.3 The (2+l)-dimensional reductions 

As above mentioned, equations (1) and (5) contain the several important 
particular cases. Let us recall the some of these cases. 

2.3.1 The Myrzakulov VIII equation 

First, let us we consider the reduction of the M-IX equation (4) as a = 6 = —1. 
We have 

iSt + ^ [S, Syy] + iwSy = (9a) 

WX + WY + ^tr{S[Sx, Sy]) = (96) 

where X = x/2, Y = y/a, w = —a^^uy- This equation is the Myrzakulov 
VIII (M-VIII) equation [1]. The gauge equivalent counterpart of equation (9) 
is given by 

iqt + Qyy + vq = (10a) 

ipt — pyy — vp = (10^) 

vx + vy + 2{pq)y = (10c) 

which we denote as the M-VIIIg equation. The LR of these equations we can 
get from equations (3) and (7), respectively, as a = 6 = — 1 [10]. Equations 
(9)-(10) admit the different types exact solutions, such as solitons, dromions, 
vortices and so on [10, 24-25]. 

2.3.2 The Ishimori equation 

Now let a = 6 = — 2 • Then equation (4) reduces to the known Ishimori equation 
[9] 

iSt + -[S, {SxX + <y^Syy)] + iUySx + lU^Sy = (llc) 



1 

2 

„2 



a^Uyy - Uxx = —tr{S[Sx, Sy\). (116) 

From equation (5) we get the gauge equivalent counterpart of equation (11) 

iqt + Qxx + a^qyy + vq = f) (12a) 



a^Vyy - Vxx = -2{a^{pq)yy + {pq)xx) (126) 

which is the famous DS equation. This fact was for first time estabUshed in 
[2]. The LR of (11) and (12) we can get from (3) and (7), respectively, as 
a = b = — ^. 

3 cr-models with potentials 

It is interesting to note that equation (1) admits some (l+l)-dimensional (and/or 
(2+0)-dimensional) reductions. In this section we present the c-model with po- 
tential, which are the stationary limit of the M-IX equation. 
Consider the (2-|-l)-dimensional LLE 

St = S A AS (13) 

It is well known that the LLE (13) in the stationary limit coincide with the 
(7-model equation 

AS + {VSfS = 0. (14) 



Sl + r\S! + Si) = E = ±l, A = -^ + a'^, 



Here 

j2 , „2^c>2 , c>2^ _ E- LI A _ _^^ ^ Q,2 

^ = iir-+J^' i' = l' f = a' = ±l, r2 = ±l, E = ±1. 
ox oy 

From these results naturally arises the following question: what a-model equa- 
tion is the stationary limit of equation (1)?. Let us find it. In the stationary 
limit, i.e. when the spin vector S independent of t, equation (4) takes the form 

MiS + {aiSl + a2SxSy + asS^jS + A2SSX + ^i^^j^ = (15a) 

M2U = ^tr{S[Sx,Sy]) (156) 

where Mi we write in the form 

g2 q2 q2 

^1 = 03Tr^+a2TrT^ — hai— ^, ai = 4(a^-2a6-6), 02 = 4a(6-a), 03 = 0^, 
oy^ oxoy ox-^ 

which is the Myrzakulov XXXII (M-XXXII) equation [10]. At the same time, 
the stationary limit of the ZE (5) looks like 

Miq + vq = {), Mip + vp=0, M2V = -2Mi{pq). (16) 

which is the some complex modified Klein-Gordon equation (mKGE). 

Also we would like note that the M-XXXII equation (15), in turn contains 
the several particular cases. So, for example, in the case a = 6 = — 2, we have 
the following cr-model 

Sxx + ct^Syy + {Sl + a^Sy)S + iUySSx + iUxSSy = (17a) 



--'^M{S[S^,Sy\) (176) 

which is the Myrzakulov XIII (M-XIII) equation [10]. In this case, from the 
mKGE (16) we obtain the corresponding equivalent equation 

qxx + a^Qyy + vq = Q (18a) 

a^Vyy - Vxx = -2{a^{pq)yy + {pq)xx}- (186) 

4 Reductions in 1+1 dimensions: the gauge equiva- 
lence of the Myrzakulov XXXIV equation and the 
YOE 

Now let us we consider the case, when X = t. Then the M-VIII equation (9) 
pass to the following Myrzakulov XXXIV (M-XXXIV) equation 

iSt + ^ [S, Syy] + iwSy = (19a) 

wt + WY + -{tr{Sl)}Y = Q. (196) 

The M-XXXIV equation (19) was proposed in [10] to describe nonlinear 
dynamics of compressible magnets. It is integrable and has the different soliton 
solutions [10, 26]. 

In our case equation (10) becomes 

iqt + Qyy + vq = (20a) 

ipt — Pyy — vp = (206) 

Vt + VY + 2{pq)Y = (20c) 

that is the YOE [16]. So, we have proved that the M-XXXIV equation (19) 
and the YOE (20) is gauge equivalent to each other. The LR of (19) and (20) 
we can get from (3) and (7), respectively, as a = 6 = — 1 ( see, for example, the 
ref.[10]). Note that our LR for the YOE (20) is different than that which was 
presented in [16]. 

Also we would like note that the M-VIII equation (9) we usually write in 
the following form 

iSt+'^[S,S^(.]+iwS^ = {) (21a) 

Wr,-^tr{S[Si:,S^]) = Q (216) 

where 

X a -|- 1 X a , , 

e = x + y, ^ = -TT--y- 22 

la la 

This equation also admits the some soliton solutions [24] . The gauge equivalent 
counterpart of this equation is given by 



Ht + g^^ + f g = (23a) 



Vn + 2r^{qq)^ = (236) 

that is the other ZE [5]. As rj = t equation (21) take the other form of the 
M-XXXIV equation 

iSt + \- [5, 5*55] + iwSi^ = (24a) 

wt-r\(trSl\=^. (246) 

Some soliton solutions of this equation were found in [26], using the Hirota 
bilinear method. The gauge equivalent counterpart of the M-XXXIV equation 
(24) we get from (23) 

nt + qa + vg = o, (25a) 

vt^2r'^{qq)i.=^, (256) 

which is caUed the Ma equation (ME) and was considered in [17]. The LR of 
equations (24) and (25) were found in [10]. Note that our LR of equation (25) 
is different than the LR, which was presented in [17]. 

5 Bilinearization of the M-IX equation 

The M-IX equaion contains rich class exact solutions such as solitons, dromions, 
vortices, lumps and so on [10, 23]. To construct solutions of soliton equations 
there are exist several powerful methods [1-5]. One of beatfull and constructive 
among them is the Hirota method. Here we make use of Hirota's method to get 
exact 1-SS of equation (1), which satisfies the boundary condition S = (0, 0, 1) 
as X, y = iboo. The use of the IST method is left in the future. By putting [23] 

c+ 2/ff ff -gg .„„ . 

S = Ff , - , S3 = Ff , - , (26a) 

// + gg ff + gg 

Uc, = 2ta{2a + 1) j- — z 2^a^ - z (266) 

// + gg ff + gg 

Uy = 8ta{a + 1) J- — z 2ia{2a + I) '^ - — z (26c) 

// + gg ff + gg 

the M-IX equation (1) is transformed into the bilinear equations [23] 

[iDt - A{a^ - 2ah - h)Dl - 4a(6 - a)D^Dy - a'^D'^] (f o g) = (27a) 

[iDt - 4(a2 - 2a6 - b)Dl - 4a(6 - a)D^Dy - a^D^] {f o f - g o g) = (276) 
In addition, we have the following condition 

Dy{2a{2a + l)D,{f o f + g o g) - 2a^Dy{f o f + g o g)} o {ff + gg) = 

D,{8aia + l)D^{fof + gog)-2a{2a + l)Dy{fof + gog)}o{ff + gg), (28) 
which follows from the compatibility condition Uxy = Uyx- 



5.1 Particular cases 
5.1.1 The M-VIII equation 

In this case a = b = —1 and the expressions (26b, c) take the form 

„. Dx{fof + gog) 2Dyifof + gog) Dyifof + gog) 
Ux = — 2^a = 2ia — - — = , Uy = 2ia — - — = 

ff + gg ff + gg ' ff + gg 



(29a) 



or 



Dxifof + gog) . Drifof + gog) ^ Dvifof + gog) 
ux = -2ta _ ta _ , w = -2i _ 

// + gg jf + gg ff + gg 

(296) 
where w = —a~^UY- Equation (27) becomes [24] 

[iDt-a^Dl]{fog) = 0, [iDt-a^Dl]{fof-gog) = (30a) 

or 

[iDt - D^y] (/ og)=0, [iDt -Dl]{fof--gog)={) (306) 

In addition, we have from (28) 
Dy{2aDx{fof+gog)+2a^Dy{fof+-gog)}o{ff+gg)=-2aDx{Dy{fof+gog)}o{ff+gg) 



(31a) 



or 



DY{Dx{fof+-gog)+2DY{fof+-gog)}o{ff+-gg) = -Dx{DY{fof+-gog)}o{ff+-gg) 

(316) 
which are biquadratic. 

5.1.2 The Ishimori equation 

Let a = b = —^. Then the expressions (26) for the derivatives of the potential 
u become 



2Dy {f°f + g°g) _ ^- Dxifo f + g og) 

ff + gg ^ ""y- '' ff + gg 



Ux = -2ia"^^^^^-^^i^^i^, uy = _2i^iA:i_^_i^^i^. (32) 

// + gg ff + gg 

At the same time, equation (27) is transformed into the bilinear equations [9] 

[iDt-Dl-a^Dl]{fog)=0 (33a) 

[iDt -Dl- a'Dl] {fof-gog)=0. (336) 

In addition, we have the following biquadratic condition 

a^Dy{Dy{fof + gog)}o{ff + gg) = Dx{Dx{fof + gog)}o{ff + gg) (34) 

which follows from (28). Note that the equations (32)-(34) are the same as in 

[9]. 



5.1.3 The M-XXXIV equation 

At last we consider the case a = b = —l,x = 2X = 2t,y = aY,w = —a~^u. 
In this case we have 

ut = -2ia J- z ia jl — = (35a) 

// + gg ff + gg 

-! ^-DyU o f + gog) 
w = —a uy = —2i = z • {35b) 

ff + gg 

The corresponding bihnear equations are given by [26] 

[iDt - D^]{f o g) = 0, [iDt-D^]{fof-gog)=0. (36) 

The biquadratic condition has the form 

Dy{Dt{fof+gog)+2Dy{fof+gog)}o{ff+gg) = -Dt{Dy{fof+gog)}o{ff+gg). 

(37) 

5.2 Simplest soliton solution 

In this section we get, the simplest soliton solution of equation (1) (for details, 
see, e.g. [23]). As example, we present only the 1-SS of the M-IXA equation, 
i.e. as a^ = 1. The bilinear equation (27) represents the starting point to 
obtain interesting classes of solutions for the equation (1). The construction of 
the soliton solutions is standard. One expands the functions g and / as a series 

g = egi + e^g3 + e^g5 + , (38a) 

/ = l + eV2 + eV4 + eV6 + (386) 

Substituting these expansions into (27) and equating the coefficients of e, 
in the 1-SS case, one obtains the following system of equations: 

e^ :L(loc/i) = (39a) 

e^ : L(/2 o 5i) = (396) 

e2 : L(l o /2 + /2 o 1 - 51 o 5i) = (39c) 

e' : L{h o /2) = (39d) 

where 

L = iDt-4:{a'^ -2ab-b)Dl-4.a{b-a)D^Dy-a^Dl]{fog). (40) 

We now ready to construct the 1-SS of equation (1). In order to construct 
exact 1-SS of equation (1), we take the ansatz 

ffi=expxi, xi = mix + niy + cit + ei (41) 



where mi,ni,ci and ei are complex constants. By sustituting the above value 
of gi in eq. (38a) , we get 

ci = i{aimi + a2mini + asUi) . (42) 

Substituting (41) in (39b, c,d), we obtain the expression for /2 as 

f2 = Bexp{xi+xl) (43) 

where B = Bji + iBj with 

Br = -{[2cirBi - {aimj + a2'mini + a^n])] [aim| + a2mRnR + a:>,nR]~'^ - 1}, 

Bi = -[a^niRnii - a{2a + l)(mi/niR + miRnu) 

+4a(a + l)miRmii][2a{2a + l)miRniR — a Uir — 4a{a + l)miR]^ . 
The derivatives of potential have the forms 



exp{-2xiR + {2Br + l)+\B |2 exp{2xiR 

K2 



(44a) 
(446) 



" exp{-2xiR + {2Br + l)+\B |2 exp{2xiR 
where 

Ki = Aa{2a + l){2BimiR + mu) - W{2BiniR + nu 

K2 = 16a(a + l){2BimiR + mu) - 4a(2a + l){2BiniR + nu 

From the biquadratic condition (28) is obtained 

niRKi = miRK2. (45) 

By substituting the above values of gi and /2 in equations (26), we obtain 
the expressions for the spin components and for the potential. In detail, the 
different types of solutions (solitons, dromions, lumps, vortices) of the M-IX 
equation were presented in [10, 23]. 

6 Bilinearization of the Zakharov equation and its 
1-SS 

To find the bilnear form of the ZE (5), we introduce the following transformation 

G P 

g = — , P=—- (46) 

Inserting this tranformation in equation (5), we get the Hirota bilinear form of 
the ZE (5) as [27] 

[iDt - 4(a2 - 2ab -b)Dl- 4a(6 - a)D^Dy - q^dI] (G o 0) = (47a) 

[iDt - 4(a2 - 2a6 - b)Dl - 4q(6 - a)D^Dy - a^D^] (P o 0) = (476) 

[4a(a + l)Dl - 2a{2a + l)D^Dy + a^D^){(t) o (j)) = -2PG (47c) 

with 

V = 2M2 log (f). (48) 
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6.1 Limiting cases 

6.1.1 The M-VIIIg equation (10) 

In this case a = b = —1 and the bihnear equation (47) takes the form [25] 

[iDt - a'^D'l] (G o 0) = [iDt - Dl] (G o </>) = (49a) 

[i A - c?Dl] (P o 0) = [iDt - Dl] {PocP) = (496) 

y + a'^Dl) 



{2aD^Dy + a^Dl){(t) o 0) = [DxDy + DI){^ o 0) = -2PG (49c 



with 

v = 2[a'^dl + 2adly\ log <j) = 2[dl + d^y] log 4>- (50) 

6.1.2 The Davey-Stewartson equation 

Let a = 6 = — 2- In this case the bilinear equations become 

[iDt -Dl- a^Dl\ (G o (/)) = (51a) 

(516) 
(51c) 





[iDt-Dl-a^Dl]{Po(t>) = ^ 




{-Dl + a^Dl){^oct>) = -2PG 


where v = M[ log </>, 


M[ = Ml, as a = 6 = -\. 


6.1.3 The YOE 




Now consider the 


case a = b = —1, x = 2X = 2t. In 1 



[iDt - Dl]{G o 4)) = {) (52a) 

[iDt - Dl]{P o <j)) = {) (526) 

{DtDY + Dl){4o(t)) = -2PG. (52c) 

Note that in this case the potential is equal to 

z; = 2[af- + a,V]log0. (53) 

6.2 Simplest soliton solution of the ZE (5) 

Let us, as example, we present the 1-SS of the ZE (5) in the case a^ = 1 and 
P = EG. Note that equations (47) allow us to obtain the interesting classes of 
solutions for the ZE (5) [27, 15]. The construction of the solutions is standard. 
One expands the functions G and as a series of e 

G = eGi + e^Gg + e^G^ + , (54a) 

(/.= 1 + 6^2 + 6^4 + 6^06 + (546) 

Substituting these expansions into (47) and equating the coefficients of e, 
in the 1-soliton case, one obtains the following system of equations: 

11 



€^:L(loGi) = (55a) 

e^ : L{4>2 o Gi) = (556) 

e^ : L(lo 02 + (/>2 01 + 2(51 oGi) = (55c) 

e^ : L{(t)2 o (/-s) = (55d) 

where L is given by (40). Using these equations we can construct the 1-SS of 
equation (5). In order to construct exact 1-SS of equation (5), as above, we 
take the ansatz 

G'i=expxi, xi = mix + niy + cit + ei (56) 

where mi,ni,ci and ei are complex constants. By sustituting the above value 
of Gi in equation (55a), we get 

ci = i{aimi + a2mini + asUi). 
From (56) and (55b, c,d), we obtain the expression for (j)2 as 

<P2 = B'exp{xi + xl), (57) 

where 

B' "^ 



3{bimlj^ + b2miRniR + ^anf^' 

By substituting the above values of G = Gi and (/> = 1 + (/)2 in equations 
(46), we obtain the expressions for the field q and for the potential v. This 1-SS 
and its generalizations and also dromions, lumps, vortices types solutions of the 
ZE (and the corresponding solutions of the M-IX equation) we have considered, 
in detail, in [15, 10, 27, 23]). 

7 Integrability: a connection between the ZE and 
the FE 

In order to see whether equation (5) [and hence equation (1)], is in gen- 
eral integrable, in [15] we have carried out the singularity structure analysis of 
equation (5) and shown that it [and (1)] has the Painleve property. Here this 
statement we prove using the following observation: the ZE and the FE are 
formally equivalent to each other. For this purpose we write equation (4) in 
terms of the coordinates ^, r/ as 

iSt + -[S, (6 + l)^^^ — bSr^r]] + ihw^Srj + i{h + l)^^^^ = (58a) 

w^^ = ^tr{S[S!^,S,^). (586) 

This equation, for convenience, in [10] we called the M-XX equation. Its gauge 
equivalent equation looks like 

iqt + (1 + 6)gg5 - hqr,r^ + vq = Q (59a) 
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ipt- (1 + b)p^^ + bq^r, -vq = (596) 

v^^ = -2{(1 + b){pq)^^ - b{pq\r,n}- (59c) 

Equations (58) - (59) are of course integrable in the sense that admit the LR 
and have the different types solutions (soHtons, dromions, lumps and so on) 
[15, 23, 27]. In fact these equations are not new, and are only the new forms of 
equations (4) and (5), respectively in terms of ,^,ry, which are given by (22). 

Now we make the simplest scaling tranformation: from (t,^,r],q,p,v) to 
{Ft,C^,Di^, 
Aq, Bp,F'^v). Then, for example, equation (59) takes the form 

iQt - (7 - P)Qa + (7 + P)Qvv +vq = Q (60a) 

m + (7 - P)P^^ - (7 + P)Pwi -vq = (606) 

v^rj = -2A[(7 + P)ipqU - (7 - P)ipqh(] (60c) 



where 



X = ABCD, c2^(7 + /?)(^ + l), p^il^jl^. 



{l-l3)b ' 6 + 1 



7 = --F[{b + l)i?2 + bC'^\C-'^D-'^, 13 = -F[{b + l)i?2 - bC'^\C-'^D-'^. 
Now let us we consider the FE [4] 

iqt - (7 - /?)^« + (7 + /3)9w - 2Ag[(7 + /3)( / {pq)r,di' 

+vi{7],t)) - {j - P){ r {pqkdr]' + V2{(,m=0 (61a) 

J —00 

ipt + (7 - P)Pa - (7 + P)Pv^ + 2Ap[(7 + /?) ( / ipq\d^' 

+vi{7],t)) - {-/ - p){ r {pqkd7]' + V2{(,t))]=0 (616) 

with p = q and in contrasr with the equation (60), in our case ^,r/ are the 
characteristic coordinates defined by 

^ = x + y, rj = x-y. (62) 

This equation also contains several interesting particular cases. Let us recall 
these cases. 

(i) 7 = /? = i, fi = t;2 = 0, yields equation 



iqt 



+ fe - 2Ag r {pq)rdy' = 0, A = ±1. (63) 

J —00 



As noted by Fokas, equation (63) is perhaps the simplest complex scalar equa- 
tion in 2+1 dimensions, which can be solved by the 1ST method. It is also 
worth pointing out that when x = y this equation reduces to the NLSE (6). 
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(ii) 7 = 0, /? = 1, yields the celebrated DSI equation 
iqt + qa+Qm-'^Hi [ {P<l\di' +vi{r],t)) + {j {pq)(^dr]' +V2{i,t))] = {). (64) 



This equation has the Painleve property and admits exponentially localized 
solutions including dromions for nonvanishing boundaries, 
(iii) 7 = l,/3 = yields the DSIII equation 

iqt-qa + q^r,-2Xq[i f {pq\di' +vi{ri,t))-{j {pq)(^dr]' +V2{i,t))] = {). (65) 

Equation (65) also supports certain localized solutions. 

Now let us return to equation (61) and introduce the potential V by 

y = -2A[(7+/?)(/ {pq)nde+vi{71,t))-{l-P){r (pq^dv' +V2{C,m. (66) 
Then the FE (61) takes the form 

iqt - (7 - f3)qii + (7 + ^)qm + Vq = {) (67a) 

ipt + (7 - /3)P« - (7 + l^)Pm + yp = ^ (676) 

V^^ = -2A[(7 + (5){pq)r,r, - (7 - /3)(M)€d- (67c) 

Comparing the ZE in the form (60) and the FE in the form (67), we see 
that they have formally the same forms. Recently it was proved by Radha and 
Lakshmanan [3] that the FE (61) satisfies the Painleve property and hence it 
is expected to be integrable. From these results follow that the ZE and hence 
its equivalent counterpart the M-IX equation also satisfy the Painleve property 
and are integrable and in this sense (also, see [15]). Of course, strictly speaking, 
this statement is correct in the case when ^, rj are real, i.e. when a is real. In 
particular, this is why the ZE contains and at the same time the FE not contains 
the DSII equation. 

8 Conclusion 

The some new (1+1)-, and/or (2+0)-dimensional integrable reductions of the 
M-IX equation and their equivalent counterparts are considered. In particu- 
lar, we have established the gauge equivalence between the (l+l)-dimensional 
integrable inhomogeneous continuous Heisenberg ferromagnets (the M-XXXIV 
equation) and the YOE and ME. 

We have also constructed the bilinear forms of the M-IX equation and the 
ZE and of their reductions. Moreover the simplest 1-SS of the ZE and the 
M-IX equation are found. Of course, these equations admit the generalizations 
of these solutions and other interesting solutions such as dromions, vortices, 
lumps and so on [15, 23, 27]. 

Also we have shown that the ZE and the FE are formally equivalent to each 
other. As shown by Radha and Lakshmanan [3], the FE satisfies the Painleve 
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property, i.e. it is expected to be integrable. Hence and from the results of [15] 
follow that the ZE and its equivalent the M-IX equation are integrable in the 
Painleve property sense. 

Concluding, we note that between the some above considered equations as 
well as between the other spin systems and the NLSE-type equations take place 
the so-called Lakshmanan equivalence or L-equivalence. This problem we will 
consider elsewhere (see, for example, the refs. [18-22]). 
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